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Moreover, if the solution of the limiting equation is global and decays (in an ap-
propriate sense) as t ! 1, then the solution of the time-oscillating equation is
also global for j!j large. It is natural to expect that if the solution of the limiting
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instructive to consider the ODE associated with the heat equation (1.1), i.e.,

v0 + av = �(!t)jvj�v;(1.4)

where a > 0 and the limiting ODE

V 0 + aV = A(�)jV j�V:(1.5)

The solutions v of (1.4) and V of (1.5) with the initial conditions v(0) = V (0) =
x > 0 are given by

v(t) = e�at(x�� � h(t; !))�
1
� ;(1.6)

where

h(t; !) = �

Z t

0

e�a�s �(!s) ds;(1.7)

and

V (t) = e�at(x�� � a�1A(�)[1� e�a�t])�
1
� :(1.8)

The solution V blows up in �nite time if and only if x

��

< a

�1

A(�). For such
x, there exists T1 > 0 such that x

��

< a

�1

A(�)[1 � e

�a�T1

]. Since h(T1; !) !
a

�1

A(�)[1� e

�a�T1

] as j!j ! 1, it follows that x

��

< h(T1; !) for j!j large; and
so by formula (1.6), v blows up in a �nite time T2 < T1. Thus we see that if the
solution of the limiting equation (1.5) blows up in �nite time, then so does the
solution of (1.4) if j!j
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Open problem 1.4. Let � > 0, let � 2 C(R;R) be � -periodic and let A(�)
be de�ned by (1.3). Assume A(�) > 0 and let � 2 C0(
) be such that the
corresponding solution of (1.2) blows up in �nite time. Does the solution of (1.1)
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the convergence results (Propositions 1.1 and 1.2), while Theorems 1.6, 1.7 and 1.3
are proved in Sections 4, 5, and 6 respectively. The last section of the paper is an





BLOWUP FOR A TIME-OSCILLATING NONLINEAR HEAT EQUATION 133

Lemma 2.4. Let f 2 L1(0;1), f � 0 and let v 2 C([0; Tmax) 9.9626 Tf 11.623 0 let
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Remark 2.7. We claim that there exist an initial value � and a function � as
in Problem 1.5 such that the solution of (1.1) with ! = 1 blows up in �nite time
after picking up negative values of �. To see this, let � 2 C1c (
), � � 0051,�6� 0 and

let � be the solution of (
���
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6

-
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Step 8. Conclusion. Property (i) follows from Step 1. Property (ii) follows
from Steps 2 and 3. Property (iii) follows from Steps 4, 5 and 6. Property (iv)
follows from Step 7.

5. Proof of Theorem 1:7

We consider �, k0; k1; k2; k3 as in the preceding section and we let

�(t) � �(3� t):

(See Figure 4.) Given k > 0 and ! > 0, we consider the solution uk;! of (1.1) with

6

-
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Step 5. Conclusion. Property (ii) follows from Steps 1, 2 and 3. Property (iii)
follows from Steps 1 and 4.= 1. (Note that the map

u 7!(u) def= kuk�L2u
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Remark 6.2. Notr that wr could obtain (with thr samr proof) conclusions
similar to those of Theorem 1.3 for equations slightly more general than (1.9). For
example, one could replace thr nonlinearity f(u) = kuk�
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so that 0 � � � 1. Let � � 0, set �� = �’ and let u� be the solution of (A.2)
with initial value �
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On the other hand, it follows from Proposition A.3 that

u�(t) =
ku�(t)k
k e

tL(
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