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Exact Boundary Controllability of Galerkin’s Approximations
of Navier-Stokes Equations

JACQUES-LOUIS LIONS ~ ENRIQUE ZUAZUA®

Abstract. We consider the 2-d and 3.d Navier - Ssokes ogquations in a bosnded
smooth domain with a boundary control acting on the system through the Navier
slip boundary conditions. We introduce a finise-dinsensiosal Galerkin approxiens-
ton of this sysiem. Under sultable assumptions on the Galerkin basis we prove
that this Galerkin approximation Is exactly controllable. Moreover we prove that
the cost of controlling is independent of the prosence of the nonliscarity on the
system.  Our assusaptions on the Galerkin basis are relmed 80 the lincar inde-
pesdence of seitable traces of its elemenes over the boundary, Al this respect,
the one-dimensional Burgers equation peovides a pacticularly degencrate example
that we study in detail. In this case we prove Jocal controllability resules.

Mathematics Subject Classification (1991): 91805 (primary), 35Q30, 65M60
(secondary)

1. = Introduction

In a bounded domain Q of R* (we can consider the 2-dimensional case as
well) we consider a flow governed by the Navier-Stokes equations. If y = y(x,r)
denotes the velocity of the flow and p = p(x, 1) the pressure (defined Qp o a
function of time), they sutisfy the Navier-Stokes equations

(1.1)

{ ity Vy—pdy=~Vp inQx(0.7T)
divym( in x(0.7T)

where u > 0 denotes the viscosity and 7 > 0 a given value of time.

We assume that we act on the flow through a bowndary control. Let
J o )] RNy S I | -
v (rrrg) T =30 = R, j = 1,2 be two smooth vector fields
conastituting an orthonormal basis of the tangent plane to © ot cach x & I". Let

* Supported by peoject PBY3-1203 of the DGICYT (Spain) and grant CHRX-CTWNAMNT1 of the
European Unica

Pervenuto alla Redazione il 4 agosto 1996 ¢ in forma definitiva il 22 glugno 1997
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Propagation, Observation, and
Control of Waves Approximated
by Finite Difference Methods*

Enrique Zuazua'

Abstract. This paper surveys several topics related to the observation and control of wave propags-
o phenomenn modeled by linhve dilfe » methods. The main focus & om the g 5
observability, corn wding to t wtion of whether the total energy of saolutions
can be estimated froem partial A nls on a subsegice of the doenain or bousdary
I'he mathematically equivalent perty of contrellobility corresponds to the question of
whether wave agation behavior can be coatrollod usizg Soecing termms on that subee-

glon, as Is often desired in engineering applications. Observability /oor

continuous wave equation ix well enderstood the scalar Bnear constant cocf
that Is the focus of this paper. However, when the wave oguation Is discretized by finite
difference methods, the control for the discretized model does not nocessartly yield a good
approximation o the control for the original costizmous problem. [n other words, the clas-
sicnl comvergence (consistency + stability ) propesty of a pumerical scheme does mot sullice
to guarantee its seitabilisy for providing good approximations to the controls that mighs
be noeded in applications. Obsery ty/contrallability may be lost under nusserical dis
cretization as the mesh size tends to 2ero due to the existe { high-frequency spurious
soletions for which the group welocty vanishes. This phenomenon i analyzod and sevesal
remoedies are suggestod, incheding fltering. Tychomofl regularization, multigrid methods,
and mixed finite cloment methods

We also briefly discass these bwues for the heat, beam, and Schridinger equatioas 10
illusteate that difusive and dispersive effocts may kelp to retain the obserability /comtral-
lability propertics at the discrete level We conclede with a list of open peoblems and

futusre subiocts for rescasch.

Koy words. waves, finito difforence approximation, propagation, obsorvation, control, heat and beam

OQUALOnS
AMS subject classifications. 65M06, 35105, 93107, 93805

DOL. 10,1137 /SO0 1 44500432862

I. Introduction. This article analyzes numerical methods for approximating the
controllability and observability of wave-like equations. These properties can be sum-
marized by the following questions:

o Observability. Can waves satisfying a wave equation and suitable boundary
conditions be fully reconstructed from measurements on a subregion of the
domain or boundary during a given time interval? More precisely, we will

*Rocoived by the oditors August 7, 2003; accopted for publication (in revised form) Nowvember
16, 2004; published dectromically April 29, 2005 This work was supported by grass BFM2002-
Q3345 from the MCYT, Spain, and the Networks “Homogenization and Multiple Scals™ and “New
Materials, Adaptive Systems and Their Nonlinearities: Modelling, Control and Numerical Simulation
(HPRN-CT-2002-00284 )" of the EXL
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ENIAC
Pascalina Electronic Numerical Macbook air

Blaise Pascal, 1645 Integrator and Apple inc, 2008
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El genio es uno por ciento de
inspiracion y un noventa y nueve por
ciento transpiracion
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Control in an information rich World,
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“El nivel de paro en los jovenes
matematicos doctores es nulo”
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‘*\ Clay Mathematics Institute
‘ ') Dedicated to increasing and disseminating mathematical knowledge

/ r’ ’
. " . . . " * Birch and Swinnerton-Dyer
First Clay Mathematics Institute Millennium Prize Contectina

Announced * Hodge Conjecture

Prize for Resolution of the Poincaré Conjecture e e

. . » P.vs NP
Awarded to Dr. Grigoriy Perelman A
» Poincare Conjecture

* Riemann Hypothesis
* Yang-Mills Theory

HOME ABOUT CMI PROGRAMS NEWS & EVENTS AWARDS SCHOLARS PUBLICATIONS

March 18, 2010. The Clay Mathematics Institute (CMI) announces today that Dr.
Grigoriy Perelman of St. Petersburg, Russia, is the recipient of the Millennium

Prize for resolution of the Poincaré conjecture. The citation for the award reads: » Rules

- . - . - . | | | I
The Clay Mathematics Institute hereby awards the Millennium Prize for resolution * Millennium Meeting Videos

of the Poincaré conjecture to Grigoriy Perelman.

More ...

The Millennium Prize Problems
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Entre guinos al publico de culto y las Matematicas esta la constante referencia al
numero 1729, el “Taxicab number”

Una de las veces que Hardy (Godfrey Harold Hardy (1877-1947)) fue a visitar

a Ramanujan (Srinivasa Aaiyangar Ramanujan (1887-1920)) al hospital cuando

este estaba muriéndose. Por hablar de algo le comento que habia venido en un
taxi con un numero muy aburrido.

Y quué numero es esel, le pregunto Ramanujan.
El 1729 le contesto Hardy.
|Pero como puedes decir que ese nhumero es aburrido

si es el menor entero que se puede escribir de dos maneras diferentes como
suma de dos cubos!, exclamo Ramanujan.

1729 = |3+ |23 =93 + |03
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Ensefiar y aprender Matematicas

Roberto Rodriguez del Rio
Prof. de Matemdticas de Secundaria Enrique Zuazua Inondo
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La Naturaleza nada hace en vano,

Y Mds €5 en vano cuanto a menos sirve;

pues la Naturaleza se complace en la simplicidad,
y no adopra la pompa de las causas superfluas.
Isaac Newton, Principia.

1. Introduccién: algunas claves para un importante debate

A pesar de que cl desco de muchos matemiticos y profesores de Matemdticas sea otro, las
Matemiticas no se encuentran entre las preocupaciones mds importantes del ciudadano. Sin
embargo, son pocos los que a lo largo de su vida no han tenido, en algdn que otro momento,
contacto con ellas. Y pricticamente todo el mundo estd de acuerdo en que es necesario un
conocimiento bdsico de las Mateméticas para desenvolverse con una cierta solwura en la vida
cotidiana. Por otra parte, si hay alguna materia que cn las escuclas levanta pasiones, y también
grandes desafecciones, esta es precisamente la de Matemdticas.

Las Mateméticas son ya una Ciencia antigua. Existen desde mucho antes de que se le dieran
nombre vy sus orfgenes se remontan al menos al momento en que el ser humano empieza a contar,
Cabrfa también decir, como en su momento afirmé Galileo, que el Universo estd escrito en
lenguaje matemdtico’ y de ese modo establecerfamos que las Matemdticas surgen con nuestro

preguntaba a principios del siglo que acabamos de dejar: */cdmo es posible que la matemdtica, un
producto del pensamiento humano independiente de la experiencia, se adapre tan admirablemenie
a los objetos de la realidad?”

! “La filosofia estd escrita en ese grandisimo Iibro abierto ante los ofas; quiero dectr, el Universo, pero ro se puede
enrender si anres no se aprende a entender la lengua, @ comocer [os caracieres en los que estd escrito. Esid escrito en
lengua matemdtica y sus caracteres son ridngulos, circulos y otras figuray geométricas, sin las cuales es imposible
enrender ni uma palabra, sin elias es como girar vanamenre en un ascuro laberinra.” Galileo Galilel El Ensavador.
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ESAIM

ESAIM: Control, Optimisation
and Calculus of Variations
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Cedric Villani (1973 - ) is being
awarded the 2010 Fields Medal for his
proofs of nonlinear Landau damping
and convergence to equilibrium for
the Boltzmann equation.




jueves, 2 de octubre de 14



jueves, 2 de octubre de 14



jueves, 2 de octubre de 14



