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HEAT KERNELS

Solve the heat equation in the whole space with initial datum
f = f (x):

u(x , t) = [G (·, t) ? f (·)](x)

where G = G (x , t) is the gaussian heat kernel:

G (x , t) = (4πt)−N/2 exp(−|x |2/4t).

If |x |k+1 ∈ Lp(RN) and 1 ≤ p < N/(N − 1) there exist
Fα ∈ Lp(RN) such that

f =
∑
|α|≤k

(−1)|α|

α!
(

∫
f (x)xαdx)Dαδ +

∑
|α|≤k+1

DαFα.

Remark: Compare with the Taylor expansion of the Fourier
transform of f .
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Applying Young’s inequality in this decomposition we get:

||u(t)−
∑
|α|≤k

(−1)|α|

α!
(

∫
f (x)xαdx)DαG ||q

≤ Ct−
N
2
((k+1)N+1/p−1/q)|||x |k+1f ||p,

if 1 ≤ p < N/(N − 1) and q ≥ p.
This means:

u(t) ∼
∑
|α|≤k

(−1)|α|

α!
(

∫
f (x)xαdx)DαG , as t →∞.

Enrique Zuazua Heat Kernels



The asymptotic behavior of solutions is determined by the
momenta of the initial data and the derivatives of the gaussian
profile.
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An example:

f = (

∫
f )δ + div (F ), if 1 ≤ p < N/(N − 1);

f = div (F ), if N/(N − 1) < p.

Idea of the proof:

< f −
∫

fdxδ, ϕ >=

∫
f (x)

∫ 1

0
x · ∇ϕ(tx)dtdx

= −
∫
ϕ(x) div (x

∫ 1

0
f (x/t)t−(N+1)dt)dx .
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Note that these identities are the dual version of the classical
Hardy inequality.
For instance, f = div (F ), with ||F ||p ≤ Cp||xf ||p

|
∫

f ϕdx | = | −
∫

F · ∇ϕdx | ≤ C ||xf ||p||ϕ||p′

for all f and this implies that

|| ϕ
|x |
||p′ ≤ Cp||∇ϕ||p′ .

When p > N/(N − 1) then 1 ≤ p′ < N.
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